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FRACTURE UNDER COMBINED PRIMARY AND SECONDARY STRESSES

Bob Ainsworth
EDF Energy, Barnwood, Gloucester GL4 3RS, UK; bob.ainsworth@edf-energy.com

Summary. This article addresses the influence of combined primary and secondary stresses on elastic-

plastic fracture.

Although detailed finite element methods can be used to quantify the effects through

calculation of J and for many years codes have provided simplified procedures for treating combined
loading, this remains a topic of active research in order to provide improved guidance. Here, some of
the underlying concepts and recent developments are discussed.

Background

In the elastic region, primary and secondary
stresses are simply added in the calculation of
the total stress intensity factor. The treatment
of secondary stresses in elastic-plastic fracture
i1s more complex. Omne approach adopted in
fitness-for-service procedures such as R6 [1]
and API 579 [2] uses elastic calculations for the
stress intensity factors and applies a
multiplying factor, V, to the secondary stress
intensity factor. This is equivalent to an
estimate of J for the combined loading given by

J=(K® + VK 2 f2(L,)/E’ 1)

where KY,K} are the stress intensity factors for
primary and secondary stresses, respectively,
E’ = E, Young’s modulus, in plane stress and
E'=E/(1-v?) where v is Poisson’s ratio in
plane strain. The function f(L, ) is the failure

assessment curve in R6 which depends on the
limit load parameter L, :

L, =F/F (a0,) (2)

where F represents the magnitude of the
primary load and Fr is the corresponding
collapse load which depends on crack size, a,
and is proportional to yield stress, G .

For low primary loads, f(L,) is close to unity

and eqn (1) recovers simple elastic response if
V=1. More generally, V quantifies the effects of
plasticity on the crack driving force with values
greater than unity corresponding to positive
interaction between the primary and secondary
stresses and values less than unity
corresponding to plastic relaxation of the
secondary stresses. Indeed, eqn (1) can be

24

regarded as very general as f(L,) can be based

on finite element analysis to ensure accuracy
for primary loads alone and V can be based on
detailed finite element solutions for J for the
combined loading.

To avoid having to use complex finite element
analysis in routine assessments, codes such as
R6 and API579 provide simplified estimates of
V, corresponding to simplified estimates of J.
These estimates of J have been based on
reference stress analysis [3] supported by finite
element and experimental validation for some
limited cases [4]. However, more recently
extensive detailed analyses have demonstrated
that the simplified approaches can be over-
conservative, particularly for large secondary
stresses where plastic relaxation of the high
elastically calculated stresses occurs, or
conversely, non-conservative for small cracks in
a region of uniform secondary stress [5-8].
Similar non-conservatism can occur for cases
with significant elastic follow-up where plastic
strains are concentrated in the region of the
structure containing a crack.

A paper at ECF18 [9] presents methods for
assessing elastic-plastic fracture and also creep
fracture. This short article discusses some of
the key features in the context of elastic-plastic
fracture, presents finite-element results for a
range of cases and illustrates where future
developments may be possible.

PARTICULAR CASES
Secondary Stresses Acting Alone
For secondary stresses in the absence of

primary loads, eqn (1) can be interpreted as
defining an initial value V,of V as



V, =KS/KS 3)

where Kjis the plastically corrected value of
K! and it has been noted that f(L, )=1 for
L, =0.

Often, it has been found that V,is close to

unity and Figure 1 illustrates this for a thin-
walled cylinder (R/t=10) with a linear through-
wall (radial) temperature gradient for part-
circumferential (angular extent 20), part-
through-wall (depth a) defects for a Ramberg-
Osgood material with a power-law index n=5
[8]. Here, the magnitude of the secondary
stress is presented in terms of a normalised
parameter B defined by:

B=K:/(KEIL,) 4)

A value of B=1 corresponds to the stress

intensity factor for the secondary stress being
equal to the stress intensity factor for a primary
load equal to the limit load (i.e. L, =1; with the

limit load being for a simple axial force in
Figure 1).
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Figure 1 Solutions for through-wall thermal
stresses acting alone.

Therefore, B can be interpreted as some

average value of the secondary stress
normalised by the yield stress and the value of
B=3 in Figure 1 corresponds to very high

thermal stresses as a membrane stress equal to
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36, would be required to generate the same

stress intensity factor.
It can be seen from Figure 1 that the
approximation V,=1 is accurate for a range of

defect sizes for small B but that significant

plastic relaxation occurs for secondary stresses
in excess of the yield stress (f>1). Thus, it

could be overly conservative to neglect these
effects and therefore codes need to provide

methods for estimating Kj or the equivalent

parameter V.

Secondary Stresses with Elastic Follow-up

R6 notes that the simplified approaches that it
presents for estimating V may not be
appropriate for small cracks in a larger region
of relatively uniform secondary stress. These
cases may be associated with elastic follow-up
and R6 suggests that such stresses may need to
be treated as primary. This is illustrated for
the case in Figure 2 where a temperature
gradient has been imposed across the wall of a
cylinder (R/t=10) which elastically induces the
thermal stress shown which has a region of
uniform stress in the area of the defect.
Corresponding results to those shown in Figure
1 for the through-wall temperature gradient are
shown in Figure 3 [8].
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Figure 2 Sectional temperature gradient across
a thin-walled cylinder

Compared to Figure 1, a stress exponent n=20
has been used for the calculations in Figure 3.
Although values of V, for n=5 tend to be higher
than those shown in Figure 1 for the thermal
stress field of Figure 2, the effects are much less
pronounced than shown in Figure 3 [8].
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Figure 8 Solutions for sectional thermal stress
acting alone

It is shown in [8], that the results for small B in
Figure 3 can be reproduced if the secondary
stresses are treated as primary. If elastic
follow-up is interpreted as values of
V, significantly greater than unity (greater
than 1.1, say), then extensive finite-element
calculations [6-8] have shown that elastic
follow-up tends to occur for: stress fields with a
uniform region in the neighbourhood of the
crack; low strain hardening materials (high n);
and small defects (note the lower values of
V, for the through-wall defect in Figure 3).
Analyses have also shown that larger levels of
plasticity due to high primary loads (high L,)
or high secondary stresses (high ) can reduce
elastic follow-up effects.

Combined Primary and Secondary
Loading
Finite element analyses have also been

performed for combined mechanical and
thermal loading of a circumferentially cracked
cylinder R/t=10 [6-8]. The mechanical loading
was applied as an axial force N. Elastic and
elastic-plastic finite element analyses were
performed for cases of primary load acting
alone, secondary load acting alone and
combined loading and converted to values of
V, and V by applying equation (1). This leads
to V/V, for the thermal loadings as functions

of the level of axial stress and some results are
shown in Figures 4 and 5. The normalising
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load,Ng; , in these figures has been chosen to
ensure that equation (1) is accurate for axial
load acting alone so that the comparisons
address the influence of combined loading on J.
The figures include the simplified and detailed
estimates of V/V, given in R6 [1] and it can be

seen that these are generally conservative.
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Figure 4 Elastic-plastic results after [8] for a
small axial temperature gradient

(B=K°L /K" =0.5).
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Figure 5 Elastic-plastic results after [6] for a
modest sectional temperature gradient

(B=K°L. /K" =1.0),

An alternative less conservative estimate is
shown as Eq. (20) in Figures 4 and 5 and this is
the shape of the Option 2 failure assessment



curve in R6 [5, 6]. This enables accurate but
not overly conservative estimates of V, and
hence J for combined primary and secondary
loading. More extensive results which show
similar trends to those in Figures 4 and 5 are
given in [5-9]. The important point is that
when the results are presented in the form of
these figures they are insensitive to crack size
and the type of thermal loading, confirming
that approximate estimation methods can be
used.
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Figure 6 Elastic-plastic results for small sectional
temperature gradients, demonstrating significant
elastic follow-up, after [8].

As noted above, the sectional temperature
gradient produces a region of uniform thermal
stress in the region of the defects and may be
associated with elastic follow-up. Extensive
finite-element analyses recently reported in [8]
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have found that this can occur and extreme
examples are shown in Figure 6 for a flat
stress-strain curve (n=20). It can be seen that
particularly for small defects, the finite element
results lead to large values of V/V,.

Also shown in the figures are two estimates: a
dashed line denoted eqn (23) 1s an upper bound
obtained by assuming the secondary stresses
act as primary; and solid lines denoted eqn (13)
are based on an estimate that describes plastic
relaxation of the secondary stresses at large
primary loads [8]. It can be seen that the
results are close to the dashed line for
contained yielding (L, less than about 0.6). In

[8], it is proposed that the lower of the upper
bound (eqn 23) and the estimate based on
plastic relaxation (eqn 13) is used. This leads to
good estimates at low loads and also leads to
accurate estimates at higher primary loads
where elastic follow-up effects disappear as the
secondary stresses are relaxed by widespread
plasticity.

It is worth noting that the cases with large
follow-up shown in Figure 6 correspond to
uniform tensile stresses in the region of small
defects so that there could be significant loss of
constraint for these cases. Thus, it could be
over-conservative to use the estimates of J with
conventional fracture toughness values derived
from deeply cracked bend specimens.

For cases without elastic follow-up, the plastic
relaxation estimate (solid lines in Figure 6) falls
below the upper bound and reduces to the
estimate denoted eqn (20) in Figures 4, 5 so
that the approach of using the lower of the two
estimate (dashed and solid lines in Figure 6)
provides a good fit to the data in these figures
also.

CLOSURE

This article has examined the treatment of
combined primary and secondary stresses in
elastic-plastic fracture. Although there are
approaches for treating combined loading in
existing procedures, these have limitations,

particularly for secondary stresses with
significant elastic-follow-up. In the elastic-
plastic regime, it has been shown that

secondary stresses with elastic follow-up can be
treated as secondary provided appropriate
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modifications are made to the parameter V
which is used in failure assessment diagram
methods. Detailed finite element analyses are
being used to develop simplified estimates and
these are likely to form the basis of extended
advice in fitness-for-service procedures in the
future.
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